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Abstract. Localization of Floer homology is first introduced by Floer IF13I in 
the context of Hamiltonian Floer homology. The author employed the notion 
in the Lagrangian context for the pair (ij>^ H {L), L) of compact Lagrangian sub- 
manifolds in tame symplectic manifolds (M, u>) in Ohl , Oh2 for a compact 
Lagrangian submanifold L and C 2 -small Hamiltonian H. In this article, we 
extend the localization process for any engulfable Hamiltonian path 4>H whose 
time-one map 0^ is sufficiently C°-close to the identity (and also to the case 
of triangle product), and prove that the value of local Lagrangian spectral 
invariant is the same as that of global one. Such a Hamiltonian path nat- 
urally occurs as an approximating sequence |Ohl5) of engulfable topological 
Hamiltonian loop. 

We apply this localization to the graphs Graph <jf H in (M X M, d ® — w) and 
localize the Hamiltonian Floer complex of such a Hamiltonian H. This study 
plays an important role in the proof of homotopy invariance of the spectral 
invariants of topological Hamiltonian flows proved in |Ohl5| . 
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1. Introduction and the main results 

The construction of the local version of the Floer homology was introduced by 
Floer F13 . The present author applied this construction to the Lagrangian context 
and defined the local Floer homology, denoted by HF(H, L;U), which singles out 
the contribution from the Floer trajectories whose images are contained in a given 
Darboux neighborhood U of L in M. Such an isolation of the contribution is 
proven to be possible and the resulting Floer homology is isomorphic to the singular 
homology H*(L) (with ^-coefficients) in [Oh2], provided H is C 2 -small. This C 2 - 
smallness is used, conspicuously in [Oh2 , so that first 

4> H *(L) CV CV CU (1.1) 

holds for all t € [0,1], and then the 'thick-thin' decomposition of the Floer tra- 
jctories exists. The necessity of such a decomposition is highlighted for the Floer 
moduli spaces for the boundary map, but its necessity is less conspicuous for that 
of the chain map in |Oh2] : 

But this latter was further scrutinized and exploited by Chekanov in his study 
of displacement energy in |Chell[Che2| . It follows from his argument in [ChelJ that 
the quasi-isomorphism property of thin part of Floer chain maps between the local 
Floer complex H and the Morse complex of / holds for a sufficiently small e > 
as long as ||iT|| < |<r(M, L, J ) for some e-regularity type invariant a(M,L, J ) as 
long as the thick-thin decomposition exists for the chain map. We will recall the 
definition of a(M,L, Jo) in section [5] for readers' convenience. The required thick- 
thin decomposition was established via the thick-thin decomposition of associated 
Floer moduli spaces into those with big areas and those with very small areas. 
It was proved in [Oh2| that this dichotomy exists when H is C 2 -small which is 
in turn proved by a variation of Gromov-Floer compactness as H — > in C 2 - 
topology. (We would like to emphasize that this convergence argument is not the 
standard Gromov-Floer type compactness argument since the limiting configuration 
is degenerate. The precise study of this convergence belongs to the realm of the so 
called adiabatic limit in the sense of |FQ1 IQhll IOh8] . In [Oh2] , it was enough to 
establish a non-constant component in the 'limit' which can be proved by a simple 
convergence argument under an energy bound.) 

The main purpose of the present paper is to generalize these constructions by 
replacing the C 2 -smallness of H (or C 1 -smallness of 4>h) by the the weaker hy- 
pothesis, the C°-smallness of the time-one map 0^ : t i-> </>^ for any engulfable 
Hamiltonian path One big difference between the C 1 -topology and the C°- 
topology is that C°-topology is a priori too weak to control the analytical behavior 
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of pseudo-holomorphic curves with boundary lying on <pjj(L) in general while C 1 - 
topology of Lagrangian boundary condition controls analysis of pseudo-holomorphic 
curves. Because of this, the above mentioned area consideration for the C 2 -small 
H cannot produce the required thick-thin decomposition. 

We will instead use the maximum principle to single out 'thin' trajectories which 
turns out to be the best way of obtaining such decomposition even for the C 2 -small 
iZ 's in hindsight. 

1.1. Topological Hamiltonian loops. In [OM , Midler and the author intro- 
duced the notion of hamiltonian topology on the space 

T ham (Symp(M,uj),id) 

of Hamiltonian flows A : [0,1] — ^ Symp(M,w) with A(i) = (f) H for some time- 
dependent Hamiltonian H. We first recall the definition of this hamiltonian topol- 
ogy 

Following the notations of OM , we denote by 4>h the Hamiltonian path 
<f>H : i i-> [0) 1] -> Ham(M,uj) 
and by Dev(A) the associated normalized Hamiltonian 

Bev(X):=H, \ = <j> H (1.2) 

where H_ is defined by 

m , X )=H{t, X )--^ M - ) J M H[t, X )^. (1.3) 

Definition 1.1. Let (M, uj) be a closed symplectic manifold. Let A, /i be smooth 
Hamiltonian paths. The hamiltonian topology of Hamiltonian paths is the metric 
topology induced by the metric 

<4am(A, m) == d(\, fj.) + leng(A~ V)- (1-4) 

Now we recall the notion of topological Hamiltonian flows and Hamiltonian 
homcomorphisms introduced in jOMj . 

Definition 1.2 (LC 1 ' 00 ) topological Hamiltonian flow). A continuous map A : R — » 
Homeo(M) is called a topological Hamiltonian flow if there exists a sequence of 
smooth Hamiltonians Hi : K x M — > R satisfying the following: 

(1) 4>Hi — > A locally uniformly on R x M. 

(2) the sequence Hi is Cauchy in the L^ 1,oc ^-topology locally in time and so 
has a limit H^ lying in Z^ 1 * 00 ) on any compact interval [a, b]. 

We call any such 4>H i or Hi an approximating sequence of A. We call a continuous 
path A : [a, 6] — > H omeo(M) a topological Hamiltonian path if it satisfies the same 
conditions with R replaced by [a, b], and the limit L^'^-function Hoo called a 
topological Hamiltonian or just a topological Hamiltonian. 

We call a topological Hamiltonian path A a loop if A(0) = A(l). Any approximat- 
ing sequence 4>Hi of a topological Hamiltonian loop A has the property <f)jj. — > id 
in addition to the properties (1), (2) of Definition 11.21 
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1.2. Statement of main results. Let L C (M,u>) be a compact Lagrangian 
submanifold and let V C V C U be a pair of Darboux neighborhoods of L. We 
denote w = — d& on [/ where is the Liouville one-form on U regarded as an open 
neighborhood of the zero section of T*L. Following Oh8], |Sp| , we introduce the 
following notion. (Similar concept was previously used by Laudenbach [Lj in the 
context of classical symplectic topology.) 

We measure the size of the Darboux neighborhood V by the following constant 

d(V, 0) := max \p(x) , x = (q(x),p(x)). (1-5) 

This constant is bounded away from and so there exists some 77 > depending 
only on (V, —dQ) (and so only on (M,ui)). 

Definition 1.3. We call an isotopy of Lagrangian submanifold {£t}o<s<i of L 
is called V-engulfable if there exists a Darboux neighborhood V of L such that 
L s c V for all s. When we do not specify V, we just call the isotopy engulfable. 

We call a (topological) Hamiltonian path <j>H engulfable if its graph Graph <$ H is 
engulfable in a Darboux neighborhood of the diagonal A of [M x M, oj © — w). 

We denote 

n e s n9ulf (L;V) = {ff I c VVi G [0,1], 3(0^ id) <«} (1.6) 

3sof 9ulf (L; V) = {L' e 3so{L) \ L' = ^(L), H £ Uf gulf (L; V)}. (1.7) 

The main goal of the present paper is to extend the notion of local Floer homology 
introduced in F13, Oh2 for the C 2 -small Hamiltonian H to the case of H such that 

(1) its Hamiltonian paths 4>h are engulfable, 

(2) its time-one map <p\j is C°-small. 

Such a sequence of smooth Hamiltonian paths naturally occurs as an approximating 
sequence of engulfable topological Hamiltonian loop (based at the identity). We 
note that any sufficiently C 2 -small satisfies these properties. 

We would like to remark that it is established in |Oh2j that if ||c 2 < C, then 
the following automatically hold: 

(1) its Hamiltonian paths 4>h is F-engulfable, 

(2) we have a priori action bounds depending only on C for the Hamiltonian 
chords, 

(3) and the uniform area bounds of the associated connecting Floer trajectories 
on V, where we regard V as a neighborhood of the zero section in the 
cotangent bundle so that we use the classical action functional to measure 
the actions. 

In |Oh2j . we mainly used the area of Floer trajectories to obtain the thick-thin 
decomposition of the Floer boundary operator d = do + & , which is equivalent to 
the corresponding dichotomy in terms of filtration changes under the boundary map 
(or the Floer chain map) for a C 2 -small Hamiltonian H. 

However for the Hamiltonian H of our interest in the present paper, both prop- 
erties (2) and (3) fail to hold. Therefore we do not have uniform control of the 
filtration of the Floer complex (or of the action bounds of the associated Hamilton- 
ian chords). This is a new phenomenon for the localization in the current topological 
Hamiltonian context. Because of this lack of control of the filtration, we will instead 
use the more geometric version of thick-thin decomposition mainly using the C° 
property of <fr H exploiting the maximum principle. 
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For this purpose, we fix a time-independent almost complex structure Jo that 
satisfies Jo = J g on V where J g is the canonical (Sasakian) almost complex structure 
on V as a subset T*L which is induced by a Ricmannian metric g on L, and suitably 
interpolated to outsider of U . (We refer to |F14j . pp 321-323 [ Oh2j for the precise 
description of J g and Jo respectively.) We may assume V has Jo-convex boundary. 

Then we will study the equation 



for each given Jo G J7L>, a time-independent family. We will fix a generic Jo in the 
rest of the paper and assume L is transversal to 4>h(L) by considering a C°°-small 
perturbation of H if necessary. 

The following thick-thin decomposition of the Floer moduli spaces of (|1.8p is a 
crucial ingredient. This is a variation of Proposition 4.1 |Oh2j . 

Theorem 1.1 (Compare with Proposition 4.1 |Oh2| ). Let L C (M,io) be a compact 
Lagrangian submanifold and let V C V C U be a pair of Darboux neighborhoods of 
L. Consider a V -engulfable Hamiltonian path <j)jj . Then whenever d[(j) H , id) < 5 for 
any 5 < d{V,Q), any solution ofv of (|1.8|) satisfies one of the following alternatives: 



C(Jo,V) > is a constant depending only on 8 and V. 

We call v a thin trajectory if Image v C V and a thick trajectory otherwise. 
We call a thin trajectory very thin if it satisfies (jl.9p in addition. This theorem 
basically says that all thin trajectories are indeed very thin and all thick trajectories 
have area bounded below away from zero. The proof of this theorem is an easy 
application of maximum principle on the Jo-convex domain V and the monotonicity 
formula for the Jo-holomorphic curves. 

This theorem enables us to define the local Floer homology in a well-defined way 
by counting thin trajectories. We denote this local Floer homology by 



By definition, HF^(<f) l H (L),L)U) is always well-defined without any unobstruct- 
edness assumption of L C M such as exactness or monotonicity of the pair (L, M) 
or the unobstructedness in the sense of [FOOOl] , 

Next we consider a 1-parameter family of Hamiltonians (or a 2-parameter family 
of functions on M) H — {-ff(s)}o< s <i with H(0) = and 



for a sufficiently small S — So(M, lu; Jo). We fix an elongation function p : K — > [0,1 
satisfying 




(1.8) 




HFl id] (^ H (L),L;U), 



or HFl ld] (H,(L,L);U). 



max dicbzrf^.id) < S 
se[o,i] U(s> 



(1.10) 




T < 



T > 1 



P 



; 



(1.11) 
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and define its dual p := 1 — p. Then we consider the Cauchy-Riemann equation 
with moving boundary condition 

{dv , t dv r, 
V?+Jo m -U (1U) 
«(r,0)G^ (/5(r)) (L), U (r ) l)ei, 

and prove the following analog to Theorem l2.1l for chain maps. This is the analogue 
of the handle sliding lemma from |Oh6|, IQhlO) in which was studied the case with 
C 2 -smallness of Hamiltonians replaced by the smallness in hamiltonian topology 
(and also in the Lagrangian context). 

Theorem 1.2 (Handle sliding lemma). Consider the path H : s h-> H(s) of engul- 
fable Hamiltonians H(s) satisfying (jl.lOj) and fix an elongation function p : R —> 
[0,1]. Let J = {J(s,t)} ( s t j e [Q i]2 be the 2-parameter family 

J(s,t) = ($j W (^ (s) ) _1 )*Jo- 

Then whenever d{<j} 1 H ^ s yid) < S < d(V,Q), any finite energy solution v of (|1 . 12|) 
satisfies one of the following alternatives: 

(1) Either 

Image v C D S (L) C V, (1.13) 

(2) or Image v <f_ V. In this case, we also have J v*lo > C(Jo,V) where 
C(Jq,V) > is a constant depending only on S and V. 

Once these thick-thin decomposition results of the Floer moduli spaces for the 
boundary and for the chain maps are established, essentially the same isolatedness 
argument as in |Oh2] gives rise to the following computation 

Theorem 1.3. Let L C M be as above and U be a Darboux neighborhood of L 
and H : s <— > H(s) a family of U -engulfable Hamiltonians with H(0) = 0. Then if 
max se [ 0i i] d{4> H / s \ , id) < 5 and \Jt — JqIc 1 < $ f or some time independent Jq and 
if J is (L,4>)](L)) -regular, then 

HF*{H,L;J;U) S H*(L;Z). 

Remark 1.4. We would like to emphasize that the presence of the engulfable 
homotopy T~L is crucial in the statement of this theorem, because the commonly 
used the linear homotopy s i— > (1 — s) Hq + s Hi may not be £/-engulable and so 
may not induce even chain map between the local Floer complex, even when Hq, Hi 
are /7-engulfable. 

Using this local Floer homology, we can assign local spectral invariant which we 
denote by p l £ 9 (H;a) for a e H*(L;Z). We will restrict to the case PD[M] = 1. 
To highlight the localness of the invariant we denote p l ^ 9 (H; lo) the corresponding 
invariant. Denote the global spectral invariant associated to 1 by p la9 (H; 1). 

By specializing to the case of zero section o^ of T*N , it follows from this corollary 
that, we can define the local Floer complex 

(CF*(F;U,T*N),du) 

for any F G -u e s n 9 ul f(r*N) provided S > is sufficiently small. 

When Theorem 12.11 and Theorem 11.21 are applied to the cotangent bundle T*L, 
we obtain the following 
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Corollary 1.4. Consider a pair of open neighborhoods V C V C U of oj, in T*L 

be given where V is Jo-convex. Assume % = {H(s)} is an engulfable isotopy with 
F = H(l) satisfying f| 1 . 10[) . Let J = {J(s, i)}( s .t)e[o.i] 2 ^ e ^ e 2- parameter family 

J(s,t) = (0k w ° (^( s )) _1 )* J o- 

Fix an elongation function p : R — > [0, 1] and consider the equation (|1.12l) . Tnen 
w/ienewr 

max d(0^- (s x,zd) < d(V,0), 

sG[0,l] ; 

£/ie followings hold: 

(1) for F = H(l), any solution of v of (jl.8l) is i/iin ('and so very thin). 

(2) Let J = {J(s, f)}( s ,t)e[o,i] 2 ^ e ^ e 2-parameter family 

J(s,t) = ° (0H(.)) _1 ).Jb. 

Fke an elongation function p : R — > [0, 1] and consider the equation (|1.12[) . 
T/ien i/maXggjo^] d^^^ , id) < S, any finite energy solution v is thin (and 
so very thin). 

When we specialize our construction, using Corollary II .41 to a J -convex neigh- 
borhood of the zero section in the cotangent bundle, we have the following coinci- 
dence result. 

Theorem 1.5. Fix an open neighborhood V C T*L of dT*L that is J r - convex. 
Let % = {H(s)} be an engulfable isotopy with H(0) = and H(l) = F. Then for 
any F en L s n9ulf (M;V), 

p l ^{F;U)=P la9 {F-l). 
One important consequence of this theorem is the inequality 

ti 9 (F;l )<E-(F). (1.14) 
We apply the above constructions to the graph 

Graph <f> x F = {(^ H (x),x) \ x G M} c M x M 
of engulfable Hamiltonian F on M satisfying 

d{<j) l p,id) < 5 (1.15) 
for a sufficiently small S > 0. We define 

n engulf ^ c (jco ^ jj x M> R j 

to be the set of such Hamiltonian F's, and call the associated Hamiltonian path an 
engulfable Hamiltonian C° -approximate loop. 
Consider U C Co(M) defined by 

U=U(U A ) = {7 G £ (M) | (7(0,7(0)) G (7 A }. 

We define the local Floer homology 

HFl ld] (F,J;U), Uc£ (M) 

by counting the 'thin' trajectories such that their images are contained in a neigh- 
borhood U of the set of constant paths in M. Again we would like to emphasize 
that we have not control of the area or nitrations unlike the C 2 -small case. In this 
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regard, it would be really more appropriate to call them thin trajectories in the cur- 
rent localization of using the maximum principle, rather than 'short' trajectories 
adopted by Chekanov [Chell IChe2j . 

We denote by Pif m {4>F] 1) = Pu am {E.) 1) the (local) spectral invariant associated 
to 1 €#*(£). 

From now on, we will always assume that all the Hamiltonians in the rest of the 
paper are engulfable one way or the other, unless otherwise said explicitly. 

We would like to thank D. McDuff and H. Hofer for pointing out a crucial gap in 
our W^'P-precompactness proof in the previous version of the present paper. This 
forces us to abandon the area argument to obtain the thick-thin decomposition 
of Floer moduli spaces but exploit the maximum principle instead to obtain a 
decomposition result that will do our purpose of extracting the local Floer complex 
our of the global Floer complex. 

2. Local Floer complex for C 2 -small H; review 

In this section, we recall the construction of the local version of the Floor ho- 
mology HF st (H; L, L) from Oh2 which singles out the contribution from the Floer 
trajectories whose images are contained in a given Darboux neighborhood U of L 
in M, provided 

fe(i)cVc7ct/ (2.1) 

for all t G [0,1]. It also holds that HF(H; L, L) = HF(F;L,L) provided there 
exists a family % = {-ff(s)} s e[o,il such that 

(1) s H(s) is a smooth path (and so (s,t) i-> </>#( s ) is a smooth two- 
parameter family) and H (0) = H, H(l) = F 

(2) The inclusions (|2.1I) hold for all s G [0, 1] for a family of neighborhoods 
V(s) C V(s) C U. 

This construction was introduced by Floer in |F13| in the Hamiltonian context which 
was further amplified in |Oh2j in the context of Lagrangian Floer homology. It is 
also proved in |Oh2] that this local contribution depends only on the pair (L, U) 
and so we can carry out its computation for the pair (ol, V) where V (Z T* L is & 
neighborhood of the zero section ol — L. We refer to |Oh2] for the full details of 
construction thereof. 

We denote this local Floer homology by 

HF{<j> x H {L),L-U). 

Furthermore by definition, HF((pjj(L), L;U) is always well-defined without any 
unobstructcdncss assumption of L C M like exactness of uj or monotonicity of the 
pair (L,M). 

The construction is based on the following flexible notion that Floer introduced 
in |F13j in the Hamiltonian setting. This is in turn the Floer theoretic analog of 
the notion of isolating block introduced by Conley [Co] in dynamical system. The 
definition can be formulated in a more general abstract setting but we will focus 
on the current geometric context. 

Let U C M be a Darboux neighborhood of L. 

Definition 2.1. Let L' C U be any compact Lagrangian submanifold and J G 
V{J'J)- Consider A4i(L',L; J) the set of Floer trajectories with one marked point 
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which could be either an interior or a boundary point and its evaluation map 
ev : Mi(L' : L; J) — > M. Define the subset 

M(L',L;J;U) := {u e M{L',L;J) | Image u C U} 

and its evaluation image 

S(L' . L; J; U) = ev(Mi(L', L; J; U)) C U 

We call S(L' , L; J; U) an invariant set in U and say that S(L\ L; J; U) is isolated in 
U (under the Cauchy-Riemann flow) if S(L' , L; J; U) C U where S(L', L; J; U) is the 
closure of S(L', L; J; U) in M. When L; J; f7) is isolated, we call S(L', L; J; U) 
the maximal invariant set in £/. 

In this regard the following result on the thick-thin dichotomy of Floer trajec- 
tories plays a crucial role in jOh2j . For each given tame almost complex structure 
Jo on (M, w), we define the constants 

as(M, Jo) = inf{u;([u]) | u : S 2 —> M non-constant and 

satisfying d,j u = 0}. 

When a compact Lagrangian submanifold L C (M, w) is given, we also consider 

0£)(M, L, Jo) :— inf | J v*u>, \ v non-constant solution of d,j v = |. 

Then we set 

a(M, L, J ) = mm{a s (M, J ), a D (M, L, J )}, a(M, L) = sup a(M, L, J ). 

In the rest of the present paper, we will denote a${M, Jo), au(M, L, Jo) and others 
by A s (uj, J ), A D (u),L, J ) and 

A{uj, L) = a(M, L) = sup a(M,L,J ). (2.2) 

Jo 6^ 

following the notations of Oh2| and other papers of the present author such as 

PES]. 

Theorem 2.1 (Proposition 4.1 |Oh2j ). Let L C (M,w) be a compact Lagrangian 
submanifold and let V C V C U be a pair of Darboux neighborhoods of L. Let < 
£ < ^A(uj,L; Jo) be any given constant. Then there exists S — 8(e) > depending 
only on e (and (M,u>)) such that whenever \\H\\ C 2 < S, and \\J — Jollc 1 ^ $> an U 
solution of v of (|3.5[) with 

J v*uj < A(lu 7 L; J ) - e 

automatically satisfies J v*lo < e. Furthermore 

Image v C V C V C U. 

Chekanov |Che2j paraphrases the property spelled out in this theorem by saying 
every short trajectory is indeed very short. 

Now we define the notion of continuation of maximal invariant sets. 

Definition 2.2. Consider 

( jpara jjparaj g M ap{{0 , I] 2 , J u ) X C°°([0,1] 2 X M,R) 

and an open subset U para C [0, l]xM. We call (JP ara , m ara , U para ) a continuation 
between the maximal invariant sets So C U° and Si C U 1 if it satisfies the following: 
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(1) For each s £ [0, 1] and all t G [0, 1], 

L s C II s := {x g M | (x, s) g f/P"™}. 

(2) 

5 S :=S(J S ,(L S ,L);[/ S ) 
is isolated in [7 s for all s g [0, 1]. 

We apply this definition to a family of Lagrangian submanifolds which are 
Hausdorff-close to L in the following sense. 

Definition 2.3. We call a Lagrangian submanifold V C (M, cj) exact relative to 
L if there is a Darboux neighborhood U D L such that L' C U and is exact in 
U = V C T*L. 

Once we have set up these definitions, the following is easy to prove. 

Lemma 2.2. Let L C M . Let L' be exact relative to L and intersect L transver- 
sally. Suppose that S(L' , L; J;U) is isolated in U. Then there exists a C°° per- 
turbation J' of J for which Ai(L', L; J'; U) is Fredholm regular and S(L' , L; J'; U) 
remains isolated in U . In particular, for any pair x, y G L D L' with fj,(x; U) — 
fi(y; U) = 1 M(x, y; J'; U) C M(L' , L\ J'; U) has finite cardinality. 

Now suppose (L 1 , L; J; U) and J' are as in Lemma [2?2l We define njj(%, V\ J') by 

nu(x,y; J') := # of isolated trajectories mM.((x,y); J; U). 

If L' = (jr H {L), then we can define an integer nu{x, y; J') using the coherent orien- 
tation established in [Qh3| . We refer to section 17.2 |Ohl3j for the details of the 
proof. 

Theorem 2.3. Suppose (L 1 , L; J;U) is as in Lemma \2.Sl Then for any small 
perturbation J' of J for which A4(L', L; J'; U) is Fredholm regular, Then the ho- 
momorphism 

du:CF(L',L;J';U)^CF(L',L;J';U), d v x = ( d u^:V)y 

satisfies du o du = 0. And the corresponding quotients 

HF*(L',L;J';U) = ker du/ im d v 

are isomorphic under the continuation ^P ara ^ jP ara ^ H para ,U para ) as long as the 
continuation is Floer-regular at the ends s — 0, 1. 

This completes the following computation by the arguments given in |F14j , |Oh2j . 
We refer to section 3 and 4 |Oh2j for the full details of the proof. 

Finally the following theorem is proved by deforming H to the C 2 -small time- 
independent Morse function / and applying Floer's argument given in }F14| (See 
[Fill [Qh2) for the details.) 

Theorem 2.4. Let L C M be as above and U be a Darboux neighborhood of L. 
Then if \\H\\o" < £3 and \ Jt — Jolc 1 < £ 3 f or some time independent Jq and if J is 
(L, (frjj(L)) -regular, then 

HF{{L,L),H;U) S HF(^ H (L),L;J;U) S H*{L;1). 
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One important point of this proof in hindsight, which is not conspicuous but 
implicit in the argument used in |Oh2| [Chc2 . is that if ||i?||c 2 is sufficiently small 
the chain map Floer moduli space associated to the linear homotopy 

s i — y (1 — s)f + sH 

is isolated in V. To obtain the required isolatedness, one needs to assume that 
the Hamiltonian is C 2 -small. Then one has to partition the homotopy into smaller 
segments to obtain this C 2 -smallness and then apply the adiabatic chain homotopy 
as in |Oh6j . 

This isolating property of the linear homotopy will fail for the Hamiltonian H of 
our main interest in the present paper and so we cannot use this linear homotopy to 
establish this isomorphism statement. (See Remark l8.2[ ') This is one of the reasons 
why the presence of engulfable isotopy 

H(s) G Uf 9ulf {L;V) 

satisfying H(0) = and H(l) = H and its isolating property (which we call Handle 
sliding lemma, Theorem l6.1[ following the terminology used in |Oh6| ) enters in the 
proof of a similar isomorphism theorem stated in Theorem 12.41 

This ends the discussion of the local Floer homology of L for the case when H 
is C 2 -small and J is C 1 -close to Jo. For the rest of the paper, we will extend this 
construction of local Floer homology to the case of those Hamiltonians H that is 
engulfable and its time-one map is sufficiently C°-small. 

3. Comparison of two Cauchy-Riemann equations 
For each given pair (J, H), we consider the perturbed Cauchy-Riemann equation 

X H («)) = 



du _i_ j I du 
dr ~T J \dt 

u(t,Q)u(t,L{) G L 



(3.1) 



which defines the Floer complex CF* (L, L; H) generated by the set Chord(H; L, L) 
defined by 

Chord(H; L, L)) := {z : [0, 1] ->■ M | z = X H (t, z), z(0), z(l) G L}. (3.2) 

We call any such element z in Chord(H; L, L)) a Hamiltonian chord of L. This 
Cauchy-Riemann equation is called the dynamical version in |Oh3j . 

On the other hand, one can also consider the genuine Cauchy-Riemann equation 



dv _i_ jH dv ri 

Or + J dt — U 



(3.3) 



|»(r,0)6^(l),!)(r,l)el 
for the path u : M -)• V{4> 1 H {L),L) 

V(<PUL), L) = { 7 : [0, 1] T*N | 7 (0) G cj> l H {L), 7 (1) G L} 

and = {(j) \j{4>\j) 1 )*Jt- We call this version the geometric version. 

We now describe the geometric version of the Floer homology in some more 
details. The upshot is that there is a filtration preserving isomorphisms between 
the dynamical version and the geometric version of the Lagrangian Floer theories. 

We denote by M.{Lh-, L; J h ) the set of finite energy solutions and A4(Lh, L; J h ) 
to be its quotient by R-translations. In the unobstructed case [FOOOlj . this gives 
rise to the geometric version of the Floer homology HF*((f>jj(L), L, J) of the type 
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[Fll] whose generators are the intersection points of 4>\j{L) n L. An advantage of 
this version is that it depends only on the Lagrangian submanifold (4> l H (L) , L) but 
only loosely on H . 

The following is a straightforward to check but is a crucial lemma. 

Lemma 3.1. (1) The map <&h ■ </>h(L) nL-> Chord(H; L, L) defined by 

gives rise to the one-one correspondence between the set (f>\j{L) PI L C 
V '{4>h (L) , L) as constant paths and the set of solutions of Hamilton's equa- 
tion of H . 

(2) The map a i— > (a) also defines a one-one correspondence from the set of 
solutions of (|3.6j) and that of 

< 9t 9t (3.4) 

\«(r,0)G^(i),»(r,l)Gi 

where J H — {Jf 1 }^^ '■— (</># (^h) Furthermore, (|3.4I) is regular if 
and only if (|3.ip is regular. 

Once we have transformed (|3.ip to Q3.4p . we can further deform J H to the 
constant family Jo and consider 

\«(T,0)e v(r,l)eL. 

This latter deformation preserves the filtration of the associated Floer complexes 
|Oh3] . A big advantage of considering this equation is that it enables us to study 
the behavior of spectral invariants for a sequence of Li converging to L in Hausdorff 
distance. 

We also study the above comparison for the moving boundary condition for a 
family T~L = {-ff(s)} s6 [o,i]- F° r such a family, we consider the geometric version first 



(3.6) 



\v(r,0)e4> l HWr)) (L), v(t,1)€L 
for the path v : R x [0, 1] -> M. If we define a map u:lx[0,l]->M 

u(r,t) = 0ff (p ( T)) (0ff (p(T ))) _1 (w(r,i)), 
a simple calculation proves that u satisfies u(r, 0), u(r, 1) ei and 

f 7F - ^ff(p(T))(«) + J (ff ~ X «(p(t))(w)) = 
\w(r,0), «(r,l)GL 

where if is the s-Hamiltonian generating the Hamiltonian vector field 

X K (s,t,x) := — (<p^ 1 (s,t,x)) 
os 

of the 2-parameter family (s, t) H > </>(s, = ^hCs^^iIs) an< ^ ^ = ^( s ' = ( < /'( s i i))*Jo- 
We would like to highlight the presence of the terms Xx( p (t)){u) in the above equa- 
tion for u and the definition of energy of u. The associated off-shell energy of (|3.7p 



(3.7) 
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is given by 

E{H,K),J;p{ U ) = 5 



which coincides with 



1 du v ( \ 

■7^ - Xk{ P {t))[U) 



oo JO 



du 
dt 



- X H (p( T ))(u) 



-7JT - X H{p{T)) {u) 



dt cLt 



dt dr. 



(3.8) 



on shell. The proof of the on-shell identities 



v to 



Ej (v)=E i 



(H,K),J;p 



is straightforward and so omitted. With these correspondences, we have the obvious 
analog to Lemma 13.11 for the moving boundary condition, whose precise statement 
we omit. 

4. Thick-thin decomposition for engulfable C°-approximate loop tpn 

This section is a modification of section 3 of |Oh2] which treats the case of C 2 - 
small perturbation of Hamiltonians H . In this section, we will replace the condition 
of 4>h being C 1 -small by that of 4>h being C°-small. 

Consider a sequence !):Rx[0,l]-> M of solutions of (|3.5I) associated to H and 
Jo- We re-state Theorem 12.11 here. 



Theorem 4.1. Let L C (M, lj) be a compact Lagrangian submanifold and let 
V C V C U be a pair of Darboux neighborhoods of L. Consider a V -engulfable 
Hamiltonian path 4>h ■ Then there exists 8 > depending only on e ( and (M, uj) ) 
such that whenever d((f>\ 1 ,id) < 5, any solution of v of (|3.5|) satisfies one of the 
following alternatives: 

(1) Imageu C V and max d{v{z),OL) < dn{4>\j{L), L), 

(2) Imageu <f_ V and J v*ui > C(Jq,V) where G(Jq,V) > is a constant 
depending only on V . 

Proof. Suppose that Images (f_ V. Then there exists a point v(z) ^ V and so 

d{v(z),v(d(R x [0,1])) >min{rfH(W> 1 (L)),dH(W,o L )}. 
Then monotonicity formula implies 

v*lo > C" ■ (min{d H (W> 1 (L)),d H (W,o L )}) 2 

where C is the monotonicity constant of (M,uj, Jo) in the monotonicity formula. 
Considering 6 < \ ■ dn(dV,oi,) and setting 

C(J ,V) := he ■ (dn(dV,o L )~5) 2 > hj> 'd K (dV,o L ) 2 

(2) follows. 

For the curve v of the type (1), the maximum principle applied to Jo-holomorphic 
curves contained in the Darboux neighborhood, we obtain the maximum distance of 
v(z) from L is achieved on the boundary R x {0, 1}. But by the boundary condition, 
we have 

max d{v(z),o L ) < d-H(<f>ij(L),L)). 

z€lx{0,l} 
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This finishes the proof. □ 

Remark 4.1. We would like to note that the area property for the trajectories v 
of the type (2) spelled out as 

v*uj > C(J ,V) 

with constant C(Jo, V) > independent of H will not be used in this paper. 
However this property will lead to the so called gapped property in the sense of 
[FOOOlj for the associated decomposition d = <9( ) + d' to be obtained in the next 
section. We believe that this gappedness will be important when one wants to 
generalize the homotopy invariance proved in [Ohl5j to the irrational (M, uj). We 
will come back to this elsewhere. 

5. Local Floer complexe of engulfable C°-approximate loop 4> h 

In this section, we will make precise the meaning of local Floer complex for the 
Hamiltonian H for which d{(j) l H ,id) is small. From now on, we will fix a pair of 
Darboux neighborhood VcVcUoiLinM and assume H is F-engulfable, i.e., 
satisfies 

(t> H t(L) CV CV CU (5.1) 

for all t £ [0,1]. 

Next we recall the Lagrangian analogue of the Novikov ring = T(M, uj) from 
[FOOOlj . Denote by 1^ : k<z(M,L) — > K the evaluations of symplectic area. We 
also define another integer- valued homomorphism 1^ : ^(M, L) — »■ Z by 

I li {P) = lx{w*TM, {dw)*TL) 

which is the Maslov index of the bundle pair (w*TM, (dw)*TL) for a (and so any) 
representative w : (D 2 ,dD 2 ) — ► (M, L) of (3. 

Definition 5.1. We define 

7T 2 (Af, L) 



r 



ker I u (~l ker 1^ 



and A(uj, L) to be the associated Novikov ring. 

We briefly recall the basic properties on the Novikov ring A( w i )(i?) where R is 
a commutative ring where R could be Z2, Z or Q for example. We will just use 
the letter R for the coefficient ring which we do not specify. Basically R will be 
Q when the associated moduli space is orientable as in the case of Graph <p^ for a 
Hamiltonian diffcomorphism (p^ which is of our main interest. 

We put 

P _ T u{P) e v, L {f)) 

and 

deg(/) = n L {p), E{qf } )=uj(P) 
which makes A( w n and Ao ( w n become a graded ring in general. We have the 
canonical valuation v : A( u .l) ~^ ® defined by 



3T uW e VL.VI) = min { CJ (^) I a/3 0} 
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It induces a valuation on A( w n which induces a natural filtration on it. This makes 
A-(u,L) a filtered graded ring. For a general Lagrangian submanifold, this ring may 
not even be Noetherian but it is so if L is rational, i.e., T(L;uj) is discrete. 

Now consider a nondegenerate Hamiltonian H among those given in Theorem 
14.11 Following |Che2) we say that two elements of Crit Ah are equivalent if they 
belong to the same connected component of the set 

7T" 1 ({7 G Q(L, L) I 7 ([0, 1]) C U}) C h(L, L). 

Then the projection 7r : Sl(£, L) — > S1(L, L) bijectively maps each equivalence class 
of Crit„4fj to Chord(H; L, L). There is a 'canonical equivalence class' represented 
by the pairs 

[z,w z ] 

where z G Chord(H; L, L) and w z is the (homotopically) unique cone-contraction 
of z to a point in L. 

We denote this equivalence class by Crit' ld ' Ah C Crit Ah- This induces the 
natural IV^^-action on Crit Ah which gives rise to the bijection 

Crit [ld] A H x r (W)i) -> Crit^H- 

Remark 5.2. Note that for any [z,w] e Crit [id] A H , (JSHJ) implies z(t) 6 V since 
z(Q) e (j)jj(L). Therefore the action value Ah([z,w}) will not change even if we 
cut-off H outside V. 

We denote 

CritW A H =g- Crit^ -A H , G r (w>L) . 

With this notation, we have Crit [ld] A H = Crit [ld] Ah- Then we denote their asso- 
ciated i?-module by 

CFl 9] ((L, L), ff; C/), ((L, L), H; U) = CFl ld] ((L, L),H; U). 

We want to remark that CFl ld \(L, L), H; U) is the one that was used in |Oh2] for 
the case of C 2 -small cases. 

The above discussion in turn gives rise to the isomorphism 

CF^ ((L, L ), H- U)) ® r A (w>l) S CF m ((L, L)-H) 

as A( w i )-module for each g e ^-(u,L)- Following jChel| IChe2] . we denote 

leng(u) := Ej(u) = Ej (v) — area(f). (5.2) 
Now we note that the Floer (pre)-boundary map 

d : CF*{{L,L);H) -> CF*((L,L);H) 
is A( w i )-equivariant and has the decomposition 

d= £ 9a 

A£E> 

where 9a is the contribution arising from u 6 A4{L, L; H) with 

leng(u) = A > 0. 

We now define 

d = S ( o) + 9' (5.3) 
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where dm) is the sum of contribution of thin trajectories and & that of thick tra- 
jectories. 

We also denote u 6 supp<9, supp<9( ), and supp<9' respectively, if the map u 
nontrivially contributes to the corresponding operators. 

Definition 5.3. We call {CF* d \{L, L),H; U), du) the local Floer complex of H in 
U which is defined to be 

CF [ : d \{L,L),H;U) = R ■ {Crit^Un}, 



du = 9(o) 



CFi' a, ((L,L),H;U) 



The A( li , i)-equivariance of d gives rise to 

9 ° d (0)\ C Fl id i((L,L),H;U) = 9 (0)\cF^ ((L,L),H;U) °# 

and g carries a natural weight given by 

Af(<7 ■ [z,w]) — Af([z,w]), [z,w] £ Crit Af 

which docs not depend on the choice of [z,w] € Crit Af- In fact this real weight is 
nothing but the value w ([<?])■ 



Proposition 5.1. Let S > where S is the constant given in Theorem \4-l\ Then 
dij = and so the local Floer homology 



HF [ : d] {{L, L),H; U) = ker du/ im d v 



is well- defined. 



Proof. Since all the thin trajectories have their image contained in the Darboux 
neighborhood U, concatenations of thin trajectories also thin and the thin part 
of Floer moduli spaces for the pair (</>^(L),L) does not bubble-off. This then 
immediately finishes the proof. □ 

In the next section we will compute the group HF^ d \{L, L), F; [/), when F = 
H(l) for a 2-parameter family H = {-ff (s)}se[o,i] with H(0) = and H(s) 6 
Hf 5u,/ (M). We denote by 

d((j>h,id) := max d(<j> H / s \,id) 
se[o,i] y ' 

the C°-distance of H to the constant family id. 

6. Handle sliding lemma for engulfable isotopy of C°-approximate 

loops 

In this section, we examine another important element in the chain level the- 
ory, the handle sliding lemma introduced in [Oh6| for the Hamiltonian H that is 
sufficiently C 2 -small. We will consider the lemma in the Lagrangian setting over 
the path s i-> H(s) for U = {H(s)} se[0A] C H e s n9ulf {M) with H(0) = for S 
sufficiently small. Again the smallness will depend only on (M, uj). 

We recall that the Floer chain map hnp ■ CF*(H°) — > CF*{H l ) is defined by 
considering the non-autonomous equation 



§7 _ X K{p( T )){u) + - X X(p(t)){ u )) 

lim T _ i ._ 00 u(t) = z^lim^oo ii(r) = z+ 



(6.D 
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or equivalently considering (|3.5j) . Here we re-state Theorem 11.21 here . 

Theorem 6.1 (Handle sliding lemma). Consider the path W:sn H(s) of engul- 
fable Hamiltonians H(s) satisfying (jl.lOp and fix an elongation function p : R — > 
[0,1]. Let J = {J(s,t)} 

(s : t)e[04] 2 oe the 2-parameter family 

J(s,t) = (<t> H(s) o (^ (s) )- 1 ),j . 

Then if d{4> 1 H ^ s yid) < d{V, G), any finite energy solution v of (|1.12p satisfies one 
of the following alternatives: 

(1) Image v C V, 

(2) Imageu ((_ V. In this case, J v*uj > C(Jo,V) where C(Jo,V) > is a 
constant depending only on Jq and V . 

Proof. The proof is the same as that of Theorem 14.11 and so omitted. □ 

Now Theorem 16. II together with this area estimate then enable us to decompose 
the Floer-Piunikhin (pre)-chain map : C*(L) — > CF*(H(1)) into the thick-thin 
decomposition 

= *«,(o) + (6.2) 
similar to (|5.3|) . Again it follows from Theorem 11.21 that those v's contributing 
non-trivially to ^-h,(q) are very thin and those contributing to has area bigger 

than C(J 0l V). 

We refer to section 5.3 [FOOOl] or section 5 jFOOQ3j for the details of the 
construction of the Floer-Piunikhin (pre)-chain map ^u- 

Remark 6.1. The above Handle sliding lemma can be also proved by the same 
argument for the Floer chain map between / and H(l)#f when |/|c 2 is sufficiently 
small relative to C(V, Jo). This way one can avoid using the Bott-Morse version of 
Floer chain map, the Floer-Piunikhin (pre)-chain map ^n- 

7. Computation of Local Floer homology HFl ld \(L,L),H;U) 
The role of the C 2 -smallness in the construction of local Floer complex 

HFi ld] ((L,L),H-U) 

in |Oh2) was two-fold. One is to make its flow 4>h C 1 -small which gives rise to 
a thick-thin decomposition of Floer complex. The other is for the construction 
of (local) chain isomorphism between the singular complex of L and the Floer 
complex CFl ld \(L,L),H;U) for which one needs to avoid bubbling (especially 
disc-bubbling) to ensure the chain isomorphism property of the Floer-Piunikhin's 
continuation map. For the latter purpose, we need to obtain some estimates of the 
filtration change for the Floer chain map between the identity path and <pu over 
the family 

H:s^H(s), se[0,l]. 

In the present context, we do not have much control over the filtration change under 
the chain map we construct, even if one uses the adiabatic chain map mentioned 
before: Since we do not have any restriction on the C 2 -norm of H, we will not have 
much control on the mesh of the partitions we make for the given approximating 
sequence Hi. To overcome this lack of control of the filtration, we use Conley and 
Floer's idea of continuation of maximal invariant sets |Co| IF13| IOh2] , 
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For given one parametric family 

(jparajjpara^ g Map ( [(), 1] 2 , ^ ) X C°°([0,1] 2 X M, R) 

with iP ora = % with #(0) = 0, we define a continuation U para between the 
maximal invariant sets So C U° and 1S1 C U 1 to be an open subset of [0,1] x M 
that satisfies 

(1) For each s g [0, 1] and all t g [0, 1], 

L s C U s := {a; g M | (x, s) g U para }. 

(2) 

S s :=<S(J s ,(£ s ,Z);t/ s ) 
is isolated in II s for all s £ [0, 1]. 
The proof of isolatedness of S(Jq, ( <fi^j, JL),L)] V) for < s < 1 will be based 
on the parametric version of Theorem 14.11 

Once we have set up these definitions and isolatedness, it immediately gives rise 
to the following theorem 

Theorem 7.1. Suppose (V , L; J; U) is as in Lemma\EM Suppose H g Uf gulS (L; U) 
for a sufficiently small S — 5(e) > 0. Then for any small perturbation J' of J for 
which A4(L',L; J'; U) is Fredholm regular, 

(1) the homomorphism 

d u :CF(L' 1 L;J';U)^CF(L' 1 L;J';U), d v x = £ (d uX ,y)y 

yeLn^iL) 

satisfies djj o djj = 0. 

(2) And the corresponding quotients 

HF{L,L;{H, J');U) = HF*(L', L\ J'; U) = ker d v / im d v 
are isomorphic under the continuation (S para , JP ara jjpara ^jjpara^ as \ Qn g 
as the continuation is Floer-regular at the ends s = 0, 1. 

After we establish this continuation invariance, we can apply it to the family % 
with H(0) — and prove the following theorem. 

Theorem 7.2. Consider U = {H(s)} C Uf avXS {M) with H(0) = 0. Then when- 
ever < 5 < d(V, 9) , 

HF^(4>jj(L), L; J'; U) = H„(L; Z) 
for any J' sufficiently close to Jq in C°° -topology. 
Proof. We consider the homotopy 

U:s^H{s) 

and its reversal. 

Using the isolatedness of thin trajectories in Theorem 14.11 and Theorem 16.11 we 
define the local Floer-Piunikhin (pre)-chain maps 

tt Wi(0) :CFl ld \{L,L),Q ] U) -> CF^ id \(L, L), H; U), 
$ H?M : CFl ld] ((L, L), H; U) CF^ d] ((L, L), 0; U) 
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and their compositions 

* wm o$ H!fM :CF.((L,L),0;U) CF*((L, L), H; U), 

$ H t,(0)°*w,(0)- CF *((L,L),H;U) CF.((i, L), 0; [/). 

Theorem 14.11 and Theorem 16.11 imply that all the above maps properly restrict to 
the maps between GFj id] (0; [/") ^ {C*{L), 9 (0) ), the singular chain complex, and 

Ci 7 ^' (i? ; {/) by isolating the thin trajectories. Since the thin trajectories cannot 
bubble-off, all these maps become chain maps between them. Therefore ^>up,(q) 
and $^p( ) induce the isomorphisms between HF^ d \{L, L),0;U) = H„(L) and 
HF)f d \{L, L), H\ U) which are inverses to each other. More precisely, there exist a 
chain homotopy maps between ^-^ (q) o ^yj> ^\ and idc r (L)i an d ^7iP,(o) ° ^n",(0) 
and idcF»(H) respectively. (See |Ohll IFOOQ3] for the proof of existence of such 
a chain homotopy.) Once this is established, we can compute HFl ld \(L, L),0;U) 
inside the cotangent bundle T*L. Then [MI] and [Qh2] prove the theorem. 

This finishes the proof. □ 



8. Localization on the cotangent bundle 

The main purpose of this section is to use the local Floer complex constructed on 
the cotangent bundle and localize the construction of Lagrangian spectral invariants 
introduced in Oh3 which has been further studied in |Ohl5] , 

Although we will not need for the paper |Ohl5] , we will also localize the triangle 
product similarly and the basic phase function in the current context of approxima- 
tions of engulfable topological Hamiltonian loops in Appendix, for a future purpose. 

We first specialize the general definition of spectral invariants p lag (F;l) and 
p l y 9 (F; 1q) to the cotangent bundle. In this case, we do not need to use the Novikov 
ring but only use the coefficient ring R and have only to use the single valued 
classical action functional 

Ai<rf) = J 1*6- J o F(t >7 (t))dt 

in the evaluation of the level of the chains. 

Recall we assume L is connected. Using the isomorphism 

(* H )*:H m (L,& {UtL) )->HF.{F) 

where is the chain map defined in section [BJ we define 



o lag (F;l)= inf Af (a) 



which is also the same as 



inf (HFl id] ' X (F) ^o} 



This is because HF n (F;V) or HF n {F) has rank one and so all isomorphisms 
H*(L) — > HF*(F) maps the fundamental cycle [L] of L to the same image mod- 
ulo a non-zero scalar multiple and so the associated spectral invariants coincide 
(Confomality Axiom |Oh7j ). Similarly we define 

ti 9 (F;l)= inf \ F (a) 
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which is also the same as 

inf {HFl ld] - X (F;V) ^ o} . 

Remark 8.1. We would like to mention that the homomorphism (^-h), and 
(^"H,(o)) do not depend on the choice of homotopy T-L. But for the case {^-u .(o)) 
the whole family of Hamiltonians H (s) for s G [0, 1] should be assumed to be V- 
engulfable. For example, the commonly used the linear homotopy s i— > sF may not 
be 1^-engulfalbe even when F is y-engulfable. Because of this, the linear homotopy 
cannot be used to construct the local chain map in general. 

Now we prove the following coincidence theorem of global and local spectral 
invariants. 

Theorem 8.1. Let H = {H(s)} be an engulfable isotopy with H(0) = and 
F = H(l). Then we have 

ti a {F-l )=p l ^{F-l) 

Proof. For the given family 

H:s^H(s), se[0,l], 

we consider the continuation of maximal invariant sets defined in section [5] For 
given one parametric family 

(J* ara ,H* ara ) G Map([0, l] 2 , X) x C°°([0, l] 2 x M, E) 

with HP ara = % with H(0) = and JP ara = J , all the Floer trajectories con- 
tributing to these maximal invariant sets are thin and so very thin. In partic- 
ular, the maximal invariant sets S s are all contained in the given neighborhood 
[0, 1] x D S {T*L) for all of [0, 1] x M and «S = L. 

This implies that the local Floer complex (CFl ld \F), <9( )) and the global one 
(CF*(F), d) define the same complex and also satisfies 

= (*«,«,))*([£]) 

under the identification. This finishes the proof. □ 

Now we consider the linear homotopy s sF and denote by ^p n the associated 
Floer-Piunikhin chain map C*(L) — > CF*(F). It is standard that ^ p also induces 
an isomorphism H*(L) — > HF*(F) in global Floer homology. More specifically we 
have 

(*£")*([£]) = (**).([£])• 

However we emphasize that the corresponding cycles ( v I'^ Tl )#([L]), {^n)#([L]) are 
different. For example, the general estimate of the level of the cycle (^ r w)#([i]) 
involve the derivative which is uncontrolled in the topological Hamiltonian 

homotopy. On the other hand, using the cycle (vt'^ n )#([L]), it is easy obtain the 
upper bound p(F; 1) < E~(F) (See \Oh3\ lo1i6| [Qli7l ) . This together with Theorem 
18.11 gives rise to the following inequality 

Corollary 8.2. For any F G Uf 9ulf {T* L; V), p l y 9 (F; 1 ) < E~(F). 
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Remark 8.2. We would like to emphasize that unlike the isotopy H = {H (s)} with 
H(s) G Hg n9ulf (L; V), the time-one maps <f>\ F for the linear isotopy U Un : s \-t sF 
with F = H(l) may not be C°-small and hence the associated Floer trajctories of 
the chain map moduli space could go out of the neighborhood V. Because of this, 
the linear isotopy cannot be used to define a chain map from C*(L) to the local 
Floer complex CF* d ^ (F; V) and so the inequality stated in this corollary does not 
follow from the standard argument used in |Oh7j to prove p la9 (F; 1 ) < E~(F) for 
the global invariant. 

9. Appendix: Local Floer complex of engulfable smooth Hamiltonian 



Exposition of this appendix closely follows that of section 4 |Oh6] except that we 
need to explain the points, if necessary, about why C°-smallness of 4>f is enough 
to localize the Floer complex of the fixed point set of 4>f- 

9.1. Hamiltonian Floer complex. This section reviews the standard construc- 
tion in Hamiltonian Floer theory. We closely follow exposition of chapter 2 |FOOQ2] 
for some enhancement added which is useful for our purpose later. 

Let Cq(M) be the set of all the pairs [j,w] where 7 is a loop 7 : S 1 — > M and 
w : D 2 — > M a disc with w\gu 2 — 7- We identify [7, w] and [7', w'] if 7 = 7' and w 
is homotopic to w' relative to the boundary 7. When a one-periodic Hamiltonian 
H : (R/Z) x M — > K is given, we consider the perturbed functional Ah '■ £o{M) — > 
R defined by 



For a Hamiltonian H : [0, 1] xM — > R, we denote its flow, a Hamiltonian isotopy, 
by 4>h '■ t H> (f> H S Ham(M, uj). We denote the time-one map by 4> H . We put 



Each element p G Per(_ff), the set of 1-periodic orbits, induces a map z x = z, 
S 1 — > M, by the correspondence 



where t G R/Z = S 1 . 

We denote by Pei(H) the set of one-periodic solutions of x — Xn(t,x). Then 
(|9.2p provides a one-one correspondence between Fix0^ and Per(H). The set of 
critical points of Ah is given by 



C°-APPROXIMATE LOOP 




(9.1) 



¥mcj> H = {p&M\ ( j )H {p)=p}. 



(9.2) 



Cmt{A H ) = {[z,w] I 7 G Per(JT), w\ 9D * = 7}. 
We consider the universal (downward) Novikov field 



1. i=l 

and define a valuation X>t on A by 





(9.3) 



It satisfies the following properties: 
(1) x> T {xy) = vt(x) + x> T {y), 
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(2) X) T {x + y) < max{o T (a;), 0t(2/)}, 

(3) X>t{x) = —oo if and only if x = 0, 

(4) o r (g) = 1, 

(5) t> T (ax) = T (» if a € R \ {0}. 

We consider the A vector space CF(H; A) with basis given by the critical point 
set Crit (Act) of Ah- 

Definition 9.1. We define an equivalence relation ~ on CF(H; A) so that [z, w] ~ 
T c [z' , w'] if and only if 

z = z', [ w'*lu = [ w*u - c. (9.4) 
Jd 2 Jd 2 

The quotient of CF(H; A) modded out by this equivalence relation ~ is called 
the Floer complex of the periodic Hamiltonian H and denoted by CF(H;A). 

Here we do not assume the condition on the Conley-Zehnder indices and work 
with Z2-grading. In the standard literature on Hamiltonian Floer homology, an 
additional requirement 

ci(w#u/) = 

is commonly imposed in the definition Floer complex, denoted by CF(H). For the 
purpose of the current paper similarly as in |FOQ02j . the equivale nee relation (19.41) 
is enough and more favorable in that it makes the associated Novikov ring becomes 
a field. To differentiate the current definition from CF*(H), we denote the complex 
used in the present paper by CF*(H;A). 

Lemma 9.1. As a A vector space, CF*(H; A) is isomorphic to the direct sum 
A #Per(H) _ 

Moreover the following holds: We fix a lifting [z,w z ] € Crit(*4#) for each z e 
Per(if). Then any element x of CF(M,H;K) is uniquely written as a sum 

x= x z [z,w z ], with x z S A. (9-5) 

zePer(ff) 

Definition 9.2. (1) Let x be as in (I9.5[) . We define 

Vt(x) = max{D T (x z ) + Ah{[z,w z ]) | 7 G Per(iJ)}. 

(2) We define a filtration F X CF(M, H; A) on CF(M, H; A) by 

F X CF{H- A) = {x g CF(H; A) | D T (^) < A} . 

We have 

F Xl CF(H;A) C F X2 CF(H; A) 
if Ai < A2. We also have 

p| F x CF{H; A) = {0}, (J F X CF(H; A) = CF(M; H). 

X A 

(3) We define a metric dr on CF(H; A) by 

d T (x,x') = e ^ x - x '\ (9.6) 
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Then ((931), $9A$) and Definition l9~2l imply that 

r. T ( a ?) = Vr(a) + t>r(?) 
for a £ A 1 , f e CF(H; A). We also have 

T Al • F X2 CF(H; A) C F Xl+X2 CF(H; A). 

Lemma 9.2. (1) t>y is independent of the choice of the lifting z M> [z,«; 2 ]. 

(2) CF(H] hr) is complete with respect to the metric dx- 

(3) The infinite sum 

E x [z,w][z,w] 
[«,uj]eCrit .4/f 

converges in CF(H;A^) with respect to the metric dr if 

{[z,w] eCritAff | Vt(x[ z ,w]) +Ah([z,w]) > —C. X[ z , w ] ^ 0} . 

is finite for any Cgl. 

9.2. Isolating local Floer complex. This section is a modification of section 4.1 
|Oh6] which treats the case of C 2 -small perturbation of Hamiltonians H following 
section 3 |Oh2j . 

As in section O we will replace the condition of <f>p being C^^-small by 4>f being 
C°-small with the same kind of bound on the Hofer norm ||F||. Once we have 
established the thick-thin decomposition given in Theorem l4.ll we can safely repeat 
the arguments laid out in section 4.1 |Oh6j . whose summary is now in order. 

For given such F, we consider the subset U = U{U&) C Cq{M) of loops given by 

U = { 1 e£ (M) | (7(t),7(0)) S[/a}. 

for a fixed Darboux neighborhood Ua of the diagonal A C M x M for all t € [0, 1]. 
In particular, any periodic orbit z of the flow <\>h is contained in U C C(M) has a 
canonical isotopy class of contraction w z . We will always use this convention w z 
whenever there is a canonical contraction of z like in this case of small loops. This 
provides a canonical embedding of U C Cq{M) defined by 

z -> [z,uu z ]. 

We denote this canonical embedding by U\ %< ^. This selects a distinguished compo- 
nent of 

ir-^U) C£ (M) 
and other components can be given by 

similarly as before. 

Combining the constructions from [Oh6j and section [SJ we give 

Definition 9.3. Let J = { J t } with \ J t — Jolc 1 < £ 3 with £3 sufficiently small. For 
any F S Hg nBV 1 (M) and for the given Darboux neighborhood Ua of the diagonal 
A C M x M such that 

<f>* F (A) C Int [/ A , 

we define 

M l9] (F,J;U) = {ue M(F,J) \ («(r)(t), «(t)(0)) S Int for all r} 
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for each j £ T u . Consider the evaluation map 

ev : M (f, J : 4«C Cq[M)\ ev(u) = tt(0). 

For each open neighborhood Ua C M x M of A C E/a, we define the /oca? FZoer 
complex in by 

s(f,J;Z^) := ei; J;W [sl ) c£)(M). 

We say 6>(F, J;W 9 ') is isolated in if its closure is contained in W- 9 K 

Using Theorem l7.11 we define the local Floer homology, denoted by HF^ (F, J; U). 
Furthermore, the pull-back of the action functional Af to U\ 9 ^ via the above men- 
tioned embedding into C$(M) provides a filtration on the local Floer complex 
CFW(F;U). 

Therefore by considering the parameterized family 

S(G S , J;U [ld] ), 

the proof of Theorem O implies that if G G Uf gulS (M) and 5 sufficiently small, 
S(J,G S : are isolated in U\ xd ' for all s and its homology is isomorphic to 

H*(M; R). For readers' convenience, we provide the detailed comparison argument 
between the Hamiltonian Floer complex of Fix <f> G and the Lagrangian Floer com- 
plex of the pair (A, Graph <p G ) in Appendix borrowing from that of section 4.2 
[Oh6] . 

9.3. Fix <fi G versus Aflgraph <fi G . The main goal of this sub-section is to compare 
the Hamiltonian Floer homology of G with the Lagrangian Floer complex between 
A and graph <j> G in the product (M,lu) x (M, —uj) when G G U e s n9uli {M) with 8 
sufficiently small. 

We now compare the local Floer homology HF^(J, G : U) of G G Uf 9ulf (M) 
and two versions of its intersection counterparts, one HFj^_ Jo (Graph t^k, A : 
Ua) and the other HF^ y Jo@ _ JofiS)G (A, A : Ua)- 

First we note that the two Floer complexes A4j ©_j 0! o(Graph</>g, A : U^ ) and 
■M((/> G )* j ©-Jo,o©g(A> A : t/Nl) are canonicaUy isomorphic by the assignment 

(7(0,7(0) ^((^r^xo^o)- 

and so the two Lagrangian intersection Floer homology are canonicaUy isomorphic: 
Here the above two moduli spaces are the solutions sets of the following Cauchy- 
Ricmann equations 

§£ + (J e-J )^ = o 

U(t, 0) G graph f/(r,l) £ A 
and 

\[/(r,0) G A, U(t,1) G A 

respectively, where U = (111,112) ; lx [0,1] -> M x M. The relevant action 
functionals for these cases are given by 

Ao([r,W}) = - [ W*(u®-u) (9.7) 
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on (Graph A : Af x Af) and 

■4o©g([T,W]) = A (T,W)- [ (0®G)(T(t),t)dt (9.8) 

Jo 

on fi(A, A : Af x Af ) where we denote 

^(Graph^, A : Af x Af) = {r : [0, 1] -> M x M | T(0) G graph <£ G , T(l) G A, } 

and similarly for f2(Graph 4>q, A : M x Af). Again the 'tilde' means the covering 
space which can be represented by the set of pairs [r, W] in a similar way. The 
relations between the action functionals (|9.7j) , (|9.8[) and are evident and respect 
the filtration under the natural correspondences. 
Next we will attempt to compare 

HFM(G,J;U), H F W_ Jo GS)Q (A,A: U a ). 

Without loss of any generality, we will concern Hamiltonians G such that G = 
near t = 0, 1, which one can always achieve by perturbing G without changing its 
time-one map. 

There is no direct way of identifying the corresponding Floer complexes between 
the two. 

As an intermediate case, we consider the Hamiltonian G' : Af x [0, 1] defined by 

for < t < 



G'(x,t) 




2 

for | < t < 1 



u #ui(r,t) 



and the assignment 

(uo,ui) G A<V JoiGeo (A, A : U A ) ^ v G M(J,G' : W^) (9.9) 

with u(t, t) := Uq#ux(t, £). Here the map tto#ui : [0, f ] — > Af is the map defined 
by 

'<ito(2r,2t) for < t < | 
ui(2r, 1- 2t) for \ < t < 1 
is well-defined and continuous because 

u (t, 1) = Uo(t,0) = ui(t,0) 
ui(t, 1) = wo(t, 1) = «o(t, 0). 

Furthermore near t = 0, f, this is smooth (and so holomorphic) by the elliptic 
regularity since G' is smooth (Recall that we assume that G = near t = 0, 1. 
Conversely, any element w G Ai(J,G' : W^l) can be written as the form of ito#ui 
which is uniquely determined by v. This proves that (|9 .9[) is a diffeomorphism from 



A4^_ Jo Gffi0 (A, A : U A ) to M(J,G' : U^) which induces a filtration -preserving 
isomorphism between HF [ ^ Jq . Gffi0 (A, A : £7 A ) an d HF(J,G' : W^). 

Finally, we need to relate HF(J,G : W^) and HF(J,G' : U^). For this we 
note that G and G' can be connected by a one-parameter family G para — {G s }o< s <i 
with 

V ' ' ' [0 for § < i < f. 

And we have 

(fa* = 4>q for all s € [0,1]. 
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Therefore their spectra coincide, i.e., Spec(G) = Spec(G" s ) = Spec(G'). Then there 
exists an isomorphism 

hg&raj : CF(G' : U [ld] ) -> CF(G : U [ld] ) 

respects the filtration and so the induced homomorphism in its homology 

h$ , un > iJ : HF(J, G' : U [ld] ) -> HF(J, G : U [ld] ) 

becomes a filtration-preserving isomorphism. See [K], |U2) . |Ohl3j for such a con- 
struction. 

9.4. Localization of triangle product. A version of localization of triangle prod- 
uct was previously exploited in \Se\ |Sp[ IOhl2] for smooth Hamiltonians. 

Instead of delving into the localization of triangle product in full generality, we 
will restrict ourselves to the case of the zero section ol in the cotangent bundle. 
Once we isolate the invariant set into a Darboux neighborhood U C M, we may 
identify U with a neighborhood V of the zero section ol C T*L and consider a 
Hamiltonian F with suppF C V. It then follows that due to the non-presence 
of bubbling effect for the pair (T*L, ol), by an easier argument, we obtain the 
decomposition d = dfn\ + d' of the Floer differential d on CF*(F; T*L), and obtain 
the local Floer complex 

(CFl ld] (o L ,F;V),d {0) ). 

We first recall the definition of the triangle product described in |Oh4) . |FOj and 
the discussion carried out in section 6 |Ohl5j . Similar idea of localizing the triangle 
product was used in [Si] , }Ohl2] and [Sp] . Instead of delving into the localization in 
full generality, we restrict ourselves to the case relevant to our main interest arising 
from the study in |Ohl5j . 

Let q S N be given. Consider the Hamiltonians H : [0, 1] x T*N — > K such that 
Lh intersects transversely both on and T*N. We consider the Floer complexes 

CF(L H ,o N ), CF(o N> T*N), CF(L H ,T* q N) 

each of which carries filtration induced from the effective action function given 
below. We denote by o(a) the level of the chain a in any of these complexes. 
More precisely, CF(Lh,on) is filtered by the effective functional 

^W( 7 ) := J 7*0 + M7(O)), 

CF»(o N ,T*N) by 

-4 (2) (7) := J 1*0, 

and CF{L H ,T*N) by 

-4 (0) (7) := /V* + M7(0)) 

respectively. We recall the readers that hn is the potential of Lh and the zero 
function the potentials of on, T*N . 

We now consider the triangle product in the chain level, which we denote by 



m 2 : CF{L H ,o N )®CF{o N ,T;N)^CF{L H ,T* q N) 



(9.10) 
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ollowing the general notation from FOOOl . This product is defined by considering 
all triples 

xi e L H n o N , x 2 eo N n t*n, x eL H r\ t*n 

with the polygonal Maslov index fi(xi, x 2 ;xo) whose associated analytical index, or 
the virtual dimension of the moduli space 

M Z {D 2 - xi,x 2 ;x ) := M 3 {D 2 ; Xl , x 2 ; x )/PSL{2, R) 

of J-holomorphic triangles, becomes zero and counting the number of elements 
thereof. 

Definition 9.4. Let J = J(z) be a domain- dependent family of compatible almost 
complex structures with z e D 2 . We define the space M 3 (D 2 ; x\, x 2 ; xq) by the 
pairs (w, (zq, z%, z 2 )) that satisfy the following: 

(1) w : D 2 — > T*N is a continuous map satisfying djw = on D 2 \ {zo, z\, z 2 }, 

(2) the marked points {zq,Zi,z 2 } C dD 2 with counter-clockwise cyclic order, 

(3) w(zi) = x-i, w(z 2 ) — x 2 and w(z ) = xq, 

(4) the map w satisfies the Lagrangian boundary condition 

w{diD 2 ) C L H , w{d 2 D 2 ) C o N , w{d 3 D 2 ) C T* q N 

where diD 2 C dD 2 is the are segment in between x% and Xi+i (i mod 3). 

We have the following energy estimate 

Proposition 9.3 (Proposition 6.2 [Ohl5 ). Suppose w : D 2 — > T*N be any smooth 
map with finite energy that satisfy all the conditions given in \9.4\ but not necessarily 
J-holomorphic. We denote by c x : [0, 1] T* N the constant path with its value 
x G T*N. Then we have 



w 



'wo = (c xi ) + -4 (2) (c X2 ) - ^l (0) (c X0 ) (9.11) 



An immediate corollary of this proposition from the definition of m 2 is that the 
map (|9.10j) restricts to 

m 2 : CF\L H , o N ) ® CF»(o N , T q *N) -> CF X+ »{L H ,T*N) 

and in turn induces the product map 

* F : HF x {L H ,o N )®HF»{o N ,T* q N) -> HF x+ »{L H ,T* q N) (9.12) 

in homology. This is because if w is J-holomorphic J w*u> > 0. This ends the 
summary of triangle product on the global Floer complex explained in [Ohl5j. 
To localize the above construction to obtain the local analogs 

m 2 , (0) : CF X {L H , o N ; V) ® CF^{o Nl T* q N; V) -> CF X+ »(L H , T*N; V) 

and the induced product 

* F)(0 ) :HF x {L H ,o N ;V)®HF»{o N ,T q *N;V)^HF x +> 1 {L H ,T q *N;V) (9.13) 

in homology, we have only to prove the analog to Theorem 14.11 and Theorem 16.11 
for the moduli space 

M 3 {D 2 ;xi,x 2 ;xq). 
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Theorem 9.4. Let V be an open neighborhood of the zero section ol and let H G 
H e 5 n9ulf (T*L). Then for any given open neighborhood V of ol , there exists some 
5q > such that for any < S < So, for any element w G M.?,(Lh ,on ,T*N) the 
following alternative holds: 

(1) Image u; C V and max z£ i x { .i} rf(w(z),OL) < 5, 

(2) Images (tV and J w*uj > C(J ,V). 

Proof. The only difference in the proof of this theorem from Theorem 14.11 and 16 . 1 1 is 
that we also need to use the strong maximum principle along the fiber Lagrangian 
T*N in addition. We would like to note that the intersection 

T*NnS s (T*N) 

is Legendrian and so a J g -holomorphic curve satisfies strong maximum principle 
along T*N. We refer to [EHSj . |Oh3j for such an application of strong maximum 
principle to obtain C°-estimate. □ 



The proof is exactly the same as that of Theorem 14.11 and Theorem 16.11 and so 
omitted. 

We define the 'thin' part of rri2 by counting those elements w from M.^(Lh, on, T*N) 
of the type (1) above and decompose 

m 2 = m 2 ,( ) +m' 2 . 

It also follows that 1112,(0) induces a product map 

m 2 , (0) : CF x (L H ,o N ;V) ®CF»(o N ,T;N;V) ^ CF x+ ^{L H ,T* q N;V). 

It is straightforward to check that this map satisfies 

3(o)(>2,(o)0' y)) = m 2,(o)(d(o)(x),y) ±1*2,(0) 0,3(0) (?/)) 
and so induces a product 

* F , (0) : HF?(L H ,o N ; V) ® HFt l {o N ,T* q N; V) -> HF^(L H ,T*N; V)) (9.14) 
as in [DhTo] . 

9.5. Localization of the basic phase function. We consider the Lagrangian 
pair 

{o N ,T*N), qeN 

and its associated Floer complex CF(H;on,T*N) generated by the Hamiltonian 
trajectory z : [0, 1] — > T*N satisfying 

z = X H (t,z(t)), z(0) G on, z(1) G T*N. (9.15) 

Denote by Chord{H;oN,T*N) the set of solutions. The differential d(H,j) on 
CF(H;on ,T*N) is provided by the moduli space of solutions of the perturbed 
Cauchy-Riemann equation 

\u(T,0)eoN,u(T,i)eT*N. 

An element a G CF(H; on, T*N) is expressed as a finite sum 

a = a z [z], a z G Z. 

zeChord{H;o N : T* N) 
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We denote the level of the chain a by 

X H (a) := max {A H (z)\. (9.17) 

zGsupp a 

The resulting invariant p(H ; {g}) is to be defined by the mini-max value 

f H (q) ■■= inf A ff (a) 

ae[q] 

where [q] G H ({q};Z) is a generator of the homology group H ({q};Z). 
Equivalently, we can consider the pair (Lh,T*N) for the action functional 

-4 (0) (7) := / 7*0 + M7(O)) 



defined on £1(Lh,T*N) which defines the geometric version of the Floer complex 
CF(L H ,T*N) via the equation 



dv I r dv n 

• y "^ ° (9.18) 



v{t,0) G in, w(t,1) S T„*iV. 



Now by the same argument performed in sections U and |51 we can localize the 
Floer complex to CF(Lh,T*N;V) and define the local version of the spectral 
invariant p l y 9 (H; {q}) by 

fjj(q) = inf Ah (a) 

<»£[?] 

where [g] G iJ ({9}i 2) is a generator of the homology group H ({q}; Z). By varying 
g G N, this defines a function f£ : N — > K which is precisely the local version of 
the basic phase function defined in |Oh3j . We denote the associated graph part of 
the front Wr h of the Lh by G . 

We summarize the main properties of /j£ whose proofs are verbatim the same as 
those established for the (global) basic function fg in |Oh3] . |Ohl5] by replacing 
the global Floer complex CF* (H) by the local complex CF^ (H; V). First we have 

Theorem 9.5. Let H = H(t,x) G H™ 3 " 1 * N) and the Lagrangian submanifold 
Lh = 4> h (on)- Consider the function defined above. Then for any x G Lh 

= h H (x) = A H {z») (9.19) 

for some Hamiltonian chord z^f ending at Lh H T*, x <.N, 

Once we have achieved localizations of various entities arising in Floer complex in 
the previous subsection, the following equality can be proven by the same argument 
used in the proof of Theorem 18 . 1 1 using the localized version of Lagrangian spectral 
invariants and basic phase function. We omit the details of its proof. 

Theorem 9.6. Let V C T*N be as before. Then 

fn = fn 

for any V -engulf able H . 

An immediate corollary of this theorem is the following inequality. 
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Corollary 9.7. For any Hamiltonian H e H e s n9U li (T*N), 

maxf%<E-(H). (9.20) 
Furthermore if H, H' £ Uf 9 ^ (T*N) 

\\fl-fUoo<\\H-H'\\. (9.21) 

References 

[Chel] Chekanvo, Y., Hofer's symplectic energy and Lagrangian intersections, in Contact and 
Symplectic Geometry (Cambridge, 1994), ed. C.B Thomas, Publ. Newtwon Insti. 8 
Cambridge University Press, Cambridge, 1996, 296-306. 

[Chc2] Chekanov, Y., Lagrangian intersections, symplectic energy, and areas of holomorphic 
curves, Duke Math. J. 95 (1998), 213-226. 

[Co] Conley, C, Isolated Invariant Sets and the Morse Index, CBMS Regional Conference 

Series in Mathematics 38, American Mathematical Society, Providence, R.I., 1978. 

[EHS] Eliashberg, Y., Hofer, H. and Salamon, D., Lagrangian intersections in contact geom- 
etry, Geom. Funct. Anal. 5 (1995), 244-269. 

[Fll] Floer, A. Morse theory for Lagrangian intersections, J. Differential Geom. 28 (1988), 
no. 3, 513-547. 

[F12] Floer, A. The unregularized gradient flow of the symplectic action, Comm. Pure Appl. 

Math. 43 (1988), 576-611. 
[F13] Floer, A., Symplectic fixed points and holomorphic spheres, Commun. Math. Phys. 120 

(1989), 575-611. 

[F14] Floer, A., Witten's complex and infinite- dimensional Morse theory, J. Differential 
Geom. 30 (1989), no. 1, 207-221. 

[FO] Fukaya, K., Oh, Y.-G., Zero-loop open strings in the cotangent bundle and Morse 

homotopy, Asian J. Math. 1 (1997), no. 1, 96-180. 

[FOOOl] Fukaya, K., Oh, Y.-G., Ohta, H., Ono, K., Lagrangain Intersection Floer Theory; Anom- 
aly and Obstruction, vol I & II, AMS/IP Advanced Math Series, Providence, 2009. 

[F0002] Fukaya, K., Oh, Y.-G., Ohta, H., Ono, K., Spectral invariants with bulk, quasimor- 
phisms and Lagrangian intersection Floer theory, preprint, arXiv:1105.5123 

[F0003] Fukaya, K., Oh, Y.-G., Ohta, H., Ono, K., Displacement of poly disks and Lagrangian 
Floer theory, submitted, larXiv:1104.4267l 

[K] Kerman, E., Displacement energy of coisotropic submanifolds and Hofer's geometry, J. 

Mod. Dyn. 2 (2008), 471-497. 

[L] Laudenbach, F., Engouffrement symplecique et intersections lagrangiennes, Comment. 

Math. Hclv. 70 (1995), 558 - 614. 

[Ohl] Oh, Y.-G., Relative Floer and quantum cohomology and the symplectic topology of La- 
grangian submanifolds, Proceedings for the 1994 Symplectic Topology program, Contact 
and Symplectic Geometry, Publ. of the Newton Institute, eds. by C. B. Thomas, pp 
201-267, Cambridge University Press, 1996, Cambridge, England. 

[Oh2] Oh, Y.-G., Floer cohomology, spectral sequences, and the Maslov class of Lagrangian 
embeddings, Internat. Math. Res. Notices 1996, no. 7, 305-346. 

[Oh3] Oh, Y.-G., Symplectic topology as the geometry of action functional, I, J. Differ. Geom. 
46 (1997), 499-577. 

[Oh4] Oh, Y.-G., Symplectic topology as the geometry of action functional, II, Commun. Anal. 
Geom. 7 (1999), 1-55. 

[Oh5] Oh, Y.-G., Gromov- Floer theory and disjunction energy of compact Lagrangian embed- 
dings, Math. Res. Lett. 4 (1997), 895-905. 

[Oh6] Oh, Y.-G., Chain level Floer theory and Hofer's geometry of the Hamiltonian diffeo- 
morphism group, Asian J. Math. 6 (2002), 579-624 ; Erratum 7 (2003), 447-448. 

[Oh7] Oh, Y.-G., Construction of spectral invariants of Hamiltonian paths on closed sym- 
plectic manifolds, in "The Breadth of Symplectic and Poisson Geometry" , Prog. Math. 
232, 525 - 570, Birkhauser, Boston, 2005. 

[Oh8] Oh, Y.-G., Spectral invariants, analysis of the Floer moduli space and geometry of 
Hamiltonian diffeomorphisms, Duke Math. J. 130 (2005), 199 - 295. 



LOCALIZATION OF FLOER COMPLEX 



31 



[Oh9] Oh, Y.-G., Lectures on Floer theory and spectral invariants of Hamiltonian flows, 
"Morse Theoretic Methods in Non-linear Analysis and Symplectic Topology", Semi- 
naire de Mathematique Superieure-Summer School, University of Montreal, June 21 - 
July 2, 2004, Nato Science Series, II/vol 217, pp. 321 - 416, Springer, 2005. 

[OhlO] Oh, Y.-G., Floer mini-max theory, the Cerf diagram and spectral invariants, J. Korean 
Math. Soc. 46 (2009), 363-447. 

[Ohll] Oh, Y.-G., The group of Hamiltonian homeomorphisms and continuous Hamiltonian 
flows, pp 149-177, Contemp. Math., 512, Amcr. Math. Soc, Providence, RI, 2010. 

[Ohl2] Oh, Y.-G., Seidel's long exact sequence on Calabi-Yau manifolds, Kyoto J. Math. 51 
(2011), 687-765. 

[Ohl3] Oh, Y.-G., Symplectic Topology and Floer Homology, book in preparation, available at 
|http:/ /ma th. wisc.edu/ ~oh/all.pdf 

[Ohl4] Oh, Y.-G., Extension of Calabi homomorphism and nonsimpleness of the area- 
preserving homeomorphism group of D 2 , preprint, 2011, submitted. 

[Ohl5] Oh, Y.-G., Homotopy invariance of spectral invariants of topological Hamiltonian flows 
and its Lagrangian analog, preprint, 2011, submitted. 

[OM] Oh, Y.-G., Miiller, S., The group of Hamiltonian homeomorphisms and C° symplectic 
topology, J. Symp. Geom. 5 (2007), 167 - 219. 

[PSS] Piunikhin, S., Salamon, D., Schwarz, M., Symplectic Floer- Donaldson theory and quan- 
tum cohomology, Publ. Newton. Inst. 8, ed. by Thomas, C. B., Cambridge University 
Press, Cambridge, England, 1996, pp 171-200. 

[Po] Polterovich, L., The Geometry of the Group of Symplectic Diffeomorphisms, Lectures 

in Math. ETH Zurich, Birkhauser, Basel, 2001. 

[Se] Seidel, P., A long exact sequence for symplectic Floer cohomology, Topology 42 (2003), 

1003 - 1063. 

[Sp] Spaeth, P., Length minimizing paths in the Hamiltonian diffeomorphism group, J. Sym- 

plectic Geom. 6 (2008), no. 2, 159-187. 

[Ul] Usher, M., Spectral numbers in Floer theories, Compositio Math. 144 (2008), 1581- 

1592. 

[U2] Usher, M., Boundary depth in Floer theory and its applications to Hamiltonian dynam- 

ics and coisotropic submanifolds, to appear in Israel J. Math., arXiv:0903.0903 



Department of Mathematics, University of Wisconsin, Madison, WI 53706 & Depart- 
ment of Mathematics, POSTECH, Pohang, KOREA, oh@math.wisc.edu 



